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In this work we use gauge/string dualities and a dynamical model that takes into account dynamical 
corrections to the metric of the anti de Sitter space due to a quadratic dilaton ﬁeld and calculate the 
masses of even and odd spin glueball states with P = C = +1, and P = C = −1, respectively. Then we 
construct the corresponding Regge trajectories which are associated with the pomeron for even states 
with P = C = +1, and with the odderon for odd states with P = C = −1. We compare our results with 
those coming from experimental data as well as other models.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Quantum Chromodynamics (QCD) is a non-abelian gauge theory 
that describes the strong interactions between quarks and gluons. 
Despite the fact that gluons do not carry electric charges, they have 
color charge. Due to this fact, they can couple to each other and 
form bound states called glueballs which have not been detected 
so far, becoming itself a great QCD quest. At high energies the QCD 
coupling is small and perturbative methods work well. At low en-
ergies where bound states form (hadronization) QCD coupling is 
large and perturbative methods fail.
Various current studies deal with glueball issues from both ex-
perimental and theoretical points of view [1,2]. On the theoretical 
side one can see several approaches such as lattice QCD, the ﬂux 
tube model, MIT bag model, Coulomb Gauge model and QCD Sum 
Rules [1]. There is also a novel approach based on holography or 
AdS/CFT or Anti de Sitter/Conformal Field Theory correspondence 
[3–7] to circumvent the diﬃculty of non-perturbative QCD at low 
energies.
Motivated by last ten years of efforts based on AdS/CFT corre-
spondence to investigate glueball states [8–24] the main objective 
of this work is to calculate the masses for both even and odd spin 
glueballs and obtain the Regge trajectories related to the pomeron 
and the odderon. We use a dynamical holographic model, taking 
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SCOAP3.into account dynamical corrections to the anti de Sitter (AdS) space 
metric due to a quadratic dilaton ﬁeld. This is the ﬁrst calculation 
of high spin glueballs ( J > 2) with a dynamical model. This allows 
us to solve open some questions on the Regge trajectories for the 
pomeron and the odderon.
The AdS/CFT correspondence or duality is a powerful tool to 
tackle non-perturbative Yang–Mills theories. This duality relates a 
conformal Yang–Mills theory with the symmetry group SU(N) for 
very large N and extended supersymmetry (N = 4) with a IIB su-
perstring theory in a curved space, known as anti de Sitter space, 
or AdS5 × S5. At low energies string theory is represented by an ef-
fective supergravity theory, due to this reason the AdS/CFT is also 
known by gauge/gravity duality.
After breaking the conformal symmetry one can build phe-
nomenological models that describe approximately QCD. These 
models are known as AdS/QCD models.
In order to deal with conformal symmetry breaking the works 
[8–11] have done some important progress with this issue. In these 
works, emerged the idea of the hardwall model, which meant that 
a hard cutoff was introduced at a certain value zmax of the holo-
graphic coordinate z and it was considered a slice of AdS5 space in 
the region 0 ≤ z ≤ zmax .
Another holographic model to break the conformal invariance 
in the boundary theory, and make it an effective theory of QCD, 
is called the softwall model (SWM). This model introduces an ex-
ponential factor in the action related to a dilatonic ﬁled that rep-
resents a soft IR cutoff. The SWM was proposed in [25] to study 
vector mesons, and subsequently extended to glueballs [15]. One  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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jectories. In the ref. [23] it was shown that SWM does not work 
properly for calculation of scalar glueball and its radial excitation 
masses or higher spin glueball states. Due to this, one cannot ﬁnd 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.
In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton ﬁeld became 
dynamical satisfying the Einstein equations in ﬁve dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.
2. The dynamical holographic model
The holographic dynamical softwall (DSW) model that we are 
going to consider has a metric structure which is consistently 
solved from Einstein’s equation. To obtain the metric solution we 
write a 5D action for the graviton–dilaton coupling in the string 
frame:
S = G
−1
5
16π
∫
d5x
√−gs e−2(z)(Rs + 4∂M∂M − V sG()) (1)
where G5 is the Newton’s constant in ﬁve dimensions, the dila-
ton ﬁeld  is given by  = kz2, where k ∼ 2Q CD and VG is the 
dilatonic potential. The metric tensor in 5-dimensional space has 
the following form gsmn = b2s (z)(dz2 + ημνdxμdxν) with 0 ≤ z ≤ ∞, 
m, n = 0, 1, 2, 3, 4, μ, ν = 0, 1, 2, 3 and ημν = diag(−1, 1, 1, 1) and 
bs(z) ≡ eAs(z) . All of these parameters are in the string frame. The 
precise form of the metric will be deﬁned solving the equations of 
motion and ﬁnding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.
Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 23(z) = eAE (z) and AE (z) =
As(z) − 23(z), one can rewrite the action (1) as:
S = G
−1
5
16π
∫
d5x
√−gE (RE − 4
3
∂m∂
m − V EG ()) (2)
where gEmn = gsmne−
2
3 and V EG = e
4
3V sG . Varying this action, one 
can obtain the equations of motion:
−A′′E + A′ 2E −
4
9
′ 2 = 0 ; (3)
′′ + 3A′E′ −
3
8
e2AE ∂V
E
G () = 0 . (4)
Solving these equations for the quadratic dilaton  = kz2, one 
ﬁnds:
AE(z) = log
(
R
z
)
− log (0F1(5/4, 
2
9
)) ; (5)
V EG () = −
12
R2
0F1(1/4,
2/9)2
+ 16
3R2
0F1(5/4,
2/9)22 , (6)
where R is the AdS radius.
Going back to string frame, one can write the 5D action for the 
scalar glueball as [15]:
S =
∫
d5x
√−gs 1e−(z)[∂MG∂MG + M25G2] (7)2and the equations of motion are:
∂M [√−gs e−(z)gMN∂NG] − √−gse−(z)M25G = 0 . (8)
Representing the scalar ﬁeld through a 4d Fourier transform 
G˜(q, z) and performing a change of function G˜ = ψ(z)e B(z)2 , where 
B(z) = (z) − 3As(z), one gets the following 1d Schrödinger-like 
equation
−ψ ′′(z) + V (z)ψ(z) = (−q2)ψ(z) , (9)
where the effective potential is given by
V (z) = k2z2 + 15
4z2
− 2k +
(
M5R
z
)2
e4kz
2/3A−2 , (10)
with A = 0 F1(5/4, 29 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identiﬁca-
tion q2 = −m2n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.
From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with ﬁelds in the AdS5 × S5
space. In the case of dual higher spin ﬁelds we consider a symmet-
ric traceless spin J ﬁeld and the relation between the conformal 
dimension 	 and the AdS mass is
M25R
2 = 	(	 − 4) − J ( J = 0,1,2,3, · · · ) (11)
and the effective potential reads
V J (z) = k2z2 + 15
4z2
− 2k + 	(	 − 4) − J
z2
e4kz
2/3A−2 . (12)
3. Even spins and the pomeron
In the perturbative approach, the pomeron is identiﬁed with 
the leading twist 2 trajectory 	 = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to ﬁnd a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.
So now we consider twist four operators for a pure super Yang–
Mills theory deﬁned on the 4D boundary, such that 	 = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(Fμν Fμν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{μ1···Dμ J }F , with con-
formal dimension 	 = 4 + J and spin J .
To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.
Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 
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Masses mn expressed in GeV for the glueball states J PC with even J as the eigen-
states of Eq. (9) with the potential (12) for k = 0.10 GeV2.
Glueball states J PC k
0++ 2++ 4++ 6++ 8++ 10++
mn 0.51 2.03 3.23 4.40 5.56 6.71 0.10
Regge trajectories for the pomeron using data from Table 1 once 
they are associated with even spin glueballs.
For instance, a Regge trajectory can be obtained from eq. (9) for 
the pomeron using Table 1 and k = 0.10 GeV2, excluding the state 
10++ , and is presented bellow:
J (m2) ≈ (0.72± 0.49) + (0.25± 0.02)m2 (13)
The errors come from the linear ﬁt. This Regge trajectory for the 
pomeron is represented in Fig. 1 (left panel) and is in agreement 
with the one presented in [28].
Choosing another set of states, for example, 2++ , 4++ , 6++ , 
from Table 1 also with k = 0.10 GeV2, one ﬁnds the following 
Regge trajectory:
J (m2) = (1.06± 0.33) + (0.26± 0.02)m2 (14)
which is represented in Fig. 1 (right panel) and is in excellent 
agreement with [28] and also with [27] where the state 0++ was 
excluded.We plot in Fig. 2 (left panel) the shape of the effective potential 
V J (z) in the DSW model for different values of the spin J . One can 
see that in the UV limit (z → 0) all plots have a similar behavior. 
But in the IR region (z → ∞) they differ clearly for different spins. 
The higher the spin of the glueball, the higher is the slope of the 
effective potential at large z. Also the minimum of the potential 
increases with the spin of the glueball.
For comparison, we show in Fig. 2 (right panel) the correspond-
ing effective potentials for the SWM extended for high spins [23]. 
These effective potentials also increase fast for small z, but they 
increase slowly for large z, in contrast with the holographic dy-
namical model shown in Fig. 2 (left panel).
4. Odd spins and the odderon
For odd spin glueballs, the operator O6 that describes the glue-
ball state 1−− is given by O6 = SymTr
(
F˜μν F 2
)
and after the in-
sertion of symmetrized covariant derivatives one obtains O6+ J =
SymTr
(
F˜μν F D{μ1···Dμ J }F
)
, with conformal dimension 	 = 6 + J
and spin 1 + J .
To calculate the masses for the higher spin glueball states and 
get the Regge trajectory related to the odderon, we solve the 
eq. (9) with the effective potential (12) numerically for odd J . The 
masses eigenstates found for odd glueball states are shown in Ta-
ble 2.Fig. 1. Regge trajectories for the pomeron, from data of Table 1 with k = 0.1 GeV2. Left panel: glueball states 0++ , 2++ , 4++ , 6++ , and 8++ and trajectory given by eq. (13). 
Right panel: glueball states 2++ , 4++ and 6++ and trajectory given by eq. (14).
Fig. 2. Plots of the effective potentials V J (z) against the holographic coordinate z for some values of even spins. Left panel: J = 0, 2, · · · , 10 and effective potential given by 
Eq. (12), in the DSW model. Right panel: J = 0, J = 6, and J = 10 in the SWM.
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Masses mn expressed in GeV for the glueball states J PC with odd J solving Eq. (9)
with the potential (12) for k = 0.10 GeV2.
Glueball states J PC k
1−− 3−− 5−− 7−− 9−− 11−−
mn 2.77 3.91 5.05 6.19 7.33 8.47 0.10
Regge trajectories for the odderon can be obtained using data 
from Table 2 since they are associated with odd spin glueballs.
For the odderon, using Table 2 and k = 0.10 GeV2, excluding 
the state 11−− , the Regge trajectory is presented bellow:
J (m2) ≈ (0.20± 0.43) + (0.17± 0.01)m2 (15)
The errors come from the linear ﬁt. This Regge trajectory for the 
odderon is represented in Fig. 3 (left panel) and is in agreement 
with [29] within the non-relativistic constituent model.
Choosing another set of states, for example, 1−− , 3−− , 5−− , 
from Table 2 also with k = 0.10 GeV2, one ﬁnds the following 
Regge trajectory:
J (m2) = (−0.60± 0.33) + (0.22± 0.01)m2 (16)
which is compatible with [29] within the relativistic many-body 
model. This Regge trajectory for the odderon is represented in 
Fig. 3 (right panel) and the errors also come from the linear ﬁt.Another set with 3−− , 5−− , 7−− , from Table 2 also with k =
0.10 GeV2 gives
J (m2) = (0.44± 0.32) + (0.17± 0.01)m2 (17)
which is compatible with the non-relativistic constituent model 
[29] and excludes the state 1−− .
Fig. 4 (left panel) represents the effective potentials in the DSW 
model for various odd spin glueball states. For comparison, we 
show in Fig. 4 (right panel) the corresponding effective potentials 
for the usual SWM extended for high spins [23]. These effective 
potentials also increase fast for small z, but they increase slowly 
for large z, in contrast with the holographic dynamical model 
shown in Fig. 4 (left panel).
5. Conclusions
We used a dynamical holographic softwall model to obtain even 
and odd spin glueball mass spectra and achieved the related Regge 
trajectories associated with the pomeron and the odderon, respec-
tively. These trajectories are in good agreement with those found 
in [13,17,22,23,27–29]. Besides, this is the ﬁrst obtention of these 
Regge trajectories through a dynamical model.
In particular, it has been shown in [23] that the SWM could 
not lead to the expected Regge trajectories for the pomeron or the 
odderon. This problem is overcome in this work by the use of the 
DSW model.Fig. 3. Regge trajectories for the odderon, from data of Table 2 with k = 0.1 GeV2. Left panel: glueball states 1−− , 3−− , 5−− , 7−− , 9−− and trajectory given by eq. (15). Right 
panel: glueball states 1−− , 3−− , 5−− and trajectory given by eq. (16).
Fig. 4. Plots of the effective potentials V J (z) against the holographic coordinate z for some values of odd spins. Left panel: J = 1, 3, · · · , 11 and effective potential given by 
Eq. (12), in the DSW model. Right panel: J = 1, J = 5, and J = 11 in the SWM.
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the ones coming from some phenomenological models. First, the 
masses found here from the DSW model are higher than those 
found from the SWM [23], if one chooses the same value of the 
free parameter k. This fact can be understood comparing the plots 
V J (z) × z for these two models. Figs. 2 and 4 (both left panels) 
represent the effective potential for the DSW model for some even 
and odd spin glueball states while Figs. 2 and 4 (both right pan-
els) represent the corresponding potentials for the softwall model. 
Since the minima of the effective potentials for the DSW model are 
higher than those of the SWM, the corresponding masses eigen-
states for the DSW model are higher than those from the SWM.
Second, the masses found from the DSW model are similar 
to those found in refs. [13,17] within the holographic hardwall 
model.1 This fact can be understood also comparing Figs. 2 and 4
(left panels) for the DSW model with Figs. 2 and 4 (right panels) 
for the SWM. One can see that in Figs. 2 and 4 (let panels) the 
effective potentials increase with larger slopes for each spin than 
those in Figs. 2 and 4 (right panels). This means that the dynamical 
corrections of the SWM produce barriers for the effective potential 
similar to those of the phenomenological hardwall model.
In ref. [27] it was argued that the state 0++ does not belong 
to the pomeron’s Regge trajectory. Our results on the Regge tra-
jectories for the pomeron, showed in Eqs. (13) and (14) are not 
conclusive in this regard. In Eq. (13) we obtain a Regge trajectory 
for the pomeron including the state 0++ which is in agreement
with [28] and [22]. On the other side, in Eq. (14) we obtain a Regge 
trajectory for the pomeron excluding the state 0++ which is also 
compatible with experimental data [28]. Note, however, that this 
is our best ﬁt for the pomeron trajectory.
In the case of the odderon, different Regge trajectories were 
found in [29] corresponding to a relativistic and a non-relativistic 
model. We found compatible results within the DSW model for 
both the relativistic and non-relativistic predictions for the odd-
eron as presented in [29]. Also, in ref. [29] it was argued that the 
state 1−− should not belong to the odderon Regge trajectory. This 
conclusion is not supported by our results with the DSW model for 
the exclusion of the 1−− state, since we found good trajectories for 
the odderon with and without the glueball state 1−− .
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1 This identiﬁcation works better for the hardwall model with Neumann bound-
ary condition, which has good agreement with experimental data.References
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